ABSTRACT. Multivariate iterative procedures, based on the use of multivariate rational Hermite interpolants, are introduced for the solution of systems of nonlinear equations. To this end, the most recent iteration points are used as interpolation points. Coalescent interpolation points are obtained by repeating the same iteration point a number of times.
Nonlinear methods for the solution of systems of nonlinear equations.
Suppose we want to find a root x * of the nonlinear equation
where the univariate function f may be real-or complex-valued. If f is replaced by a local approximation, then a zero of that local approximation can be considered as an approximation for x * . Methods based on this reasoning are called direct methods. One could also consider the inverse function g of f in a neighborhood of 0, if it exists, and replace g by a local approximation. Then an evaluation of this local approximation at 0 can be considered as an approximation for x A. CUYT inspire us. Let x (i) be an approximation for the root x * of f , and let
be the Padé approximant of order (n, m) for f in x (i) . Then the next approximation x (i+1) is calculated such that (1b) p i (x (i+1) ) = 0.
In case p i (x) is linear (n = 1), the value x (i+1) is uniquely determined. It is clear that this is to be preferred for the sake of simplicity. A wellknown method obtained in this way is Newton's method (n = 1, m = 0). Another famous method is Halley's method, based on the use of the Padé approximant of order (1,1) for f at x (i) , which is given by (2)
Since these iterative procedures only use information in the point x (i) to calculate the next iteration point x (i+1) , they are called one-point methods. Examples exist where methods based on the use of (n, m) Padé approximants with m > 0 give better results than linear methods if the function f has singularities. The nonlinear methods may even converge while the linear methods diverge. The reasoning in (1) can be generalized by using rational Hermite interpolants instead of Padé approximants as local approximations for f (x). Let
with p i and q i of degrees n and m, be such that, in approximations
For the calculation of x (i+1) , we now use information in more than one previous point. Hence, such methods are called multipoint. If we take n = 1, m = 1, s = 2 and l 0 = l 1 = l 2 = 1, then x (i+1) is given by (4)
. for the root x * of f as many times as they are used:
. . .
with p i and q i of degrees n and m, is computed such that the first
in the formal Newton series representation of (fq − p) disappear, in other words,
where
It is explained in [2] and [6] how one computes these divided differences if some of the interpolation points coincide. The order of convergence of methods based on the use of (2) and (3) can be calculated as follows [10] .
where f (l) (x * ) = 0 if l < 0, then the order of the iterative method based on the use of (3) is the unique positive root of the polynomials
By means of the multivariate rational Hermite interpolants introduced in [6] , the formulas (2), (4) and (5) will now be generalized for the solution of systems of nonlinear equations
We can now refer the reader to [4] for a third order multivariate generalization of Halley's iteration. This generalization is not yet adaptive to the informational usage of the functions f j , j = 1, . . . , k, but it can be altered to be so by following the reasoning presented in the next sections. Let us first discuss "why" it is necessary that such adaptive techniques exist. First of all, available information about the system of nonlinear equations is not always the same. One may know some partial derivatives or function values, at one or more points. Secondly, some function evaluations may be much more difficult or time consuming than others. Some nonlinear functions depend on some of the variables in a more complex way than on the other variables.
We shall introduce here a very flexible multivariate generalization that allows the construction of tailor-made iterative procedures.
Methods based on the use of multivariate general order rational Hermite interpolants. Let (x
We know from [6] how to deal with coalescent interpolation points or coalescent coordinates of interpolation points. In the next section we shall especially focus on coalescent interpolation points. In this section we shall develop the formulas that remain valid both for coalescent and noncoalescent situations. Consider the following set of basis functions for the real-valued polynomials in several variables:
and construct a rational interpolant to f (x 1 , . . . , x k ) as follows:
This last condition means that
We have proved in [6] that, when the rank of the homogeneous system (6b) involving the denominator coefficients b l 1 ...l k is maximal in other words, if, from I\N , no homogeneous equations have to be deleted before applying Cramer's rule to construct a solution then an explicit determinant formula for this rational interpolant is given by (7) p(
where the points in D are denoted by
In order to generalize (4) we shall, for each of the multivariate functions f j (x 1 , . . . , x k ) with j = 1, . . . , k, choose N and D such that p(x 1 , . . . , x k ) and q(x 1 , . . . , x k ) are linear expressions and use information in the last three iteration points 
A. CUYT
This interpolation set I expresses interpolation conditions in the points
as will become clearer further on. We remark that this set of (2k + 1) interpolation points is constructed from only three successive iteration points. The numerator of (8a)
where (x 1 , . . . , x k ) with possible coalescence of points. Coalescent interpolation points (or coordinates) can be obtained by using the same iteration point (or coordinates) again. We remark that (5b) is only valid if the set I\N provides a system of linearly independent equations. The next iteration point (x
Thanks to the choice of N , (8c) is a linear system of equations. It must be clear, however, that a whole variety of choices for the sets N, D and I is possible, depending on which multivariate divided differences can be computed for use in the determinant representation (7) . Some function evaluations may be much more difficult or time consuming than others. Some nonlinear functions depend on some of the variables in a more complex way than on the other variables. Let us illustrate all this by the following. Suppose f j depends on the variable x 2 in a very complex way, and it is costly to compute divided differences like c 00,12,00...,00 . To avoid this, we can remove the point (0, 2, 0, . . . , 0) from I\N and, for instance, replace it by (3, 0, . . . , 0) . Then, in (7), the numerator p i,j becomes   N (x 1 ,...,x k ) ... Of course, one must also take into account that some functions and some variables play a more important role than others, but we only want to illustrate the flexibility and adaptability of the new method. An advantage of iterative procedures that only use function evaluations is that no derivatives must be supplied, although, nowadays automatic differentiation takes away much of the laborious work. Let us now write down an explicit formula for the iterative procedure resulting from (8b c). As mentioned, the correction (x
computed from a linear system of equations. From (8b) one can easily see that ⎛ ⎜ ⎝
with P = (P jl ) 1≤j≤k,1≤l≤k , where considered as multivariate general order rational Hermite interpolants by letting all interpolation points coincide. So we continue our construction of new nonlinear methods. For a multivariate generalization of Halley's method as given in [4] , all first and all second partial derivatives of the functions f j (x 1 , . . . , x k ), j = 1, . . . , k, must be known. This may be a drawback. A completely different situation is encountered in formula (8) . If none of the interpolation points and coordinates coincide, this iterative procedure uses only function evaluations. One can also construct iterative methods based on the use of rational Hermite interpolants where only some of the interpolation points (or coordinates) coincide. Let us now focus on a new generalization of Halley's method that needs only some specified partial derivatives as introduced here. Suppose a limited number of partial derivatives of the f j (x 1 , . . . , x k ) are given or easily computed. Then from this information the sets N, D and I can be chosen so that precisely these pieces of information are used. Consider, for instance, the situation where, for each of the functions f j (x 1 , . . . , x k ), the following information is given (there are no mixed second partial derivatives):
With the same sets N, D and I as in the previous section,
but now, with all the interpolation points coinciding, this is precisely the informational usage of the iterative procedure (9), as shown below. The numerator of
procedures adapted to the cost of evaluating and differentiating the nonlinear equations in the system. By varying the set I, more multivariate "Halley-like" procedures can be derived, as must be clear from the foregoing. In the same way as we obtained (9), we can also set up nonlinear methods based on the use of Canterbury approximants [1] , Karlsson and Wallin approximants [7] , Lutterodt approximants [8] and all types of multivariate general order Padé approximants that can be described in this framework [3] .
Numerical considerations.
Just as for the univariate techniques, the newly introduced nonlinear methods behave much better than analogous linear methods when the considered equations have singularities in the neighborhood of the roots [4] . Since the numerical behavior in such situations is similar using either iteration (8) or iteration (9), except for a difference in convergence order, we shall only illustrate (8) . It is obvious that the exact order of convergence of this type of method is a difficult problem and should be the subject of further investigation.
Another advantage of these rational procedures is that one can better handle nonlinear systems which have a singular or nearly-singular Jacobian in the neighborhood of the root (multiple zeros, bifurcation points, . . . ) because the matrix P is not an approximation to the Jacobian but is "rational" in nature. This is good because Newton-like methods will generate ill-conditioned approximations to the (nearly)-singular Jacobian.
Let us illustrate (8) Table 1 . The consecutive iteration steps in a discretized Newton method with the same but fewer initial points as above can be found in Table 2 . Here the partial derivatives of the Jacobian are approximated 
